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ABSTRACT 
Suppose m is an n X 12 (n 2 2) matrix algebra over a C*-algebra g, and Q? is a 
C*-algebra. If p : i?X + ‘23 is a positive, disjoint linear map, then p preserves 
absolute values. In particular, for a linear map rp : ‘?I + ‘$3 of P-algebras, p 
preserves absolute values if and only if it is positive and “ultraweakly disjoint.” 
0 Elsevier Science Inc., 1997 
Throughout this note, suppose %Y and ?Z? are unital C*-algebras, and 
suppose the set %+ = {a*a : a E ‘21) is a closed convex cone of positive 
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elements in 5%. Every positive element a of B has a unique square root ui/’ 
in ?I+. If a E 5?l, then ]a] = (a*~)~/~ is called the absolute value of a. A 
linear map q : t?i -+ B is called positive if q( a’) c ‘it3 +, and is called 
n-positive if the map 40 8 id,, is positive on the C*-algebra % Q M,(C) to 
B o M,(C), where M,(C) is the C*-algebra of n x n complex matrices. A 
linear map q : 3 --) ‘23 is called a Jot-dun homomorphism if (p(u2) = ~(a)~ 
for all a E 3 and is called a P-homomorphism if it is a Jordan homomor- 
phism and ~(a*) = &a)* for all u E 8. A linear map 9 : S?l + B is called a 
*-homomorphism [a *-antihomomorphism] if ~(a*) = p(u)* and cp(ub) = 
cp(a)cp(b) [cp(ab) = dbhf(a)l for all u,b~‘%.Alinearmap~:Ql-,Bis 
called unital if q(Zcll) = I, and is called disjoint if xy = 0 in 3 implies 
q(x)cp(y) = 0 in B. 
In 1979, L. T. Gardner 11, Theorem l] showed that a 2-positive, disjoint 
linear map ofC*-algebras preserves absolute values. In [l], he also proposed 
the following problem: Does a positive, disjoint linear map of C*-algebras 
preserve absolute values? 
In this note we give an affirmative answer for the case of an n x n 
(n > 2) matrix algebra and also a necessary and sufficient condition for a 
linear map to preserve absolute values. 
We begin with: 
LEMMAI. Zf cp :3 + EJ is a positive, disjoint linear map, then we have 
that 
(i) q(Z)cp(u2) = ~(a)~ for all a E 8; 
(ii) q(Z) centralizes q( 3). 
In particular, if tp is unitul then cp is a Jordan homomorphism. 
Proof. If 40 is a positive, disjoint linear map, then arguments of Gardner 
[l, Lemma 2; Corollary 71 (by way of imbedding the codomain space B into 
its bi-dual space Q3 * *> give that there exists a unique Jordan homomorphism 
q:S?l-,B** such that &a) = q( Z>@(u) for all a E Vl, where q(Z) com- 
mutes with ~(a) for all a E 3. Thus we have that (p(Z>cp(u2) = (p(Z)2Jl(u2> 
= a(z)2rCI(u)2 = cp(Z)cp(u)$(a) = $4u)2. n 
It is known [l, Theorem 21 that if p : VI + ‘93 is a linear map, then q 
preserves absolute values if and only if q is positive and 
‘p(Z)cp(d) = cp(u)cp(b) forall u,b E 3. (1) 
Thus if p is a unital, positive linear map, then v, preserves absolute values if 
and only if cp is a *-homomorphism. 
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LEMMA 2. The only disjoint antihomomorphism rp of an n X n (n > 2) 
matrix ring M,,(E) over an algebra & with unity into an algebra 93 is 0. 
Proof. Suppose {eij : i, j = 1, . . . , n} is the set of matrix units in M,(a), 
where eij is an n X n matrix whose (i, j> entry is 1, and all other entries are 
zero. Observe that if i #j then eijeii = 0 and eiieij = eij. Thus since q is 
antihomomorphism and disjoint, it follows that 
for all i z j, and hence, choosing j z i, 
Q(eii) = Q(efjeji> = Q(eji)QCeij) = O foreach i = l,...,n. (3) 
Therefore, we have that cp(e,) = 0 for each matrix unit eij (i, j = 1,. . . , n) 
in M,(a); therefore cp = 0 on M,(E). n 
We are ready for: 
THEOREM 3. Suppose m is an n X n (n > 2) matrix algebra over %. If 
rp : Y.Jl -+ 93 is a positive, disjoint linear map, then cp preserves absolute 
values. 
Proof. We first suppose that p is unital. Then by Lemma 1, q is a 
Jordan homomorphism and hence, by assumption, a C*-homomorphism. We 
now claim that cp is a *-homomorphism. To see this, recall [5, Theorem 3.31 
that if p is a C*-homomorphism, then there exist two orthogonal central 
projections E and F in the closure of the C*-algebra generated by q(DI) 
such that the map p1 : a I+ q(a)E [ (pz : a I+ Q(a)F] is a *-homomorphism 
[a *-antihomomorphism], E + F = I, and Q = Q~ + (pz as linear maps. 
Observe that 
Q(d) - Q(a)Q(b) = rp,(ab - ba) forall a,b E mxrt, (4) 
which implies that if ab = 0 and hence Q(U)Q(b) = 0 (because Q is disjoint), 
then 0 = cp,(ba) = cp,(a)Q,(b), which says that Qz is disjoint. Thus by 
Lemma 2, ‘pz must be 0; therefore Q is a *-homomorphism. Now if 
Q : 2% + 93 is any (not necessarily unital) positive, disjoint linear map, then, 
from the proof of Lemma 1, there exists a unique Jordan homomorphism 
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~:$Jl-+23** such that +$a) = qo(Z)Jl(a> for all a E 9X, where cp(Z) 
commutes with q(a) for all a E 9X. More concretely (cf. proofs of Lemma 3 
and Corollary 7 of [l]), if P is the support projection of q(Z), then q( I>- ’ 
exists as a positive, self-adjoint operator affiliated with PB**P, and hence 
$= ‘p(z)-1’2(p**(.)q(z)-1’2:~** + p!ig**p 
with P = Supp q( I) (5) 
is well defined. Thus (5) gives that the restriction of 9 to ?lR is positive, 
unital, and disjoint. Therefore by the above, $ is a * -homomorphism, so that 
we have 
which, by (l), implies that cp preserves absolute values. n 
The question whether or not a positive, disjoint linear map of C *-algebras 
preserves absolute values is still open. However, in place of weakening 
“2-positive” to “positive” in Gamer’s theorem, we may strengthen the 
“disjoint” condition. To do this, we introduce [4] the ultraweak topology on 
B(H), the set of all bounded linear operators on a Hilbert space H. If 
u E B(H), we define its truce-class norm (IuJIl to be 
where E is any orthonormal basis of H. If ]lu]li < 03, we call u a truce-class 
operator. We denote the set of all trace-class operators on H by L’-( H ). We 
also define the truce of u E L1( H > to be 
where E is any orthonormal basis of H. Then the ultruweuk or u-weak 
topology on B(H) is the Hausdorff locally convex topology on B(H) 
generated by 
B(H) + R+, u eltr(uv)] [c E L’(H)]. 
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Thus a net (u,), converges ultraweakly to an operator u if and only if 
(tr[(u, - u)u])~ converges to 0 for each u E L’(H). 
The following is a slightly stronger version of disjointness for a positive 
linear map. 
DEFINITION 4. A linear map cp : ‘3 -+ ‘23 will be said to be ultraweakly 
disjoint if (p**: ?I** --) !-8** satisfies the property that for any nets (a,> and 
(b,) in ?I**, 
a, b, - 0 ultraweakly * cp**(u,)cp**(ba) -+ 0 ultraweakly. (6) 
We will see (in Corollary 6 below) that if q is a positive linear map of 
C *-algebras, then 
cp is ultraweakly disjount j p is disjoint. (7) 
We now have: 
THEOREM 5. If p : 2l + !23 is a positive, ultraweakly disjoint linear 
map, then cp preserves absolute values. 
Proof. We first suppose that ‘?I is a von Neumann algebra and q is a 
positive, disjoint linear map. Then by an argument of Kadison [3, proof of 
Theorem lo], we may regard 8 as either a 2 X 2 matrix ring over % or a 
direct sum of n x n matrix rings MN( &I over a commutative algebra G with 
unity. Now applying Theorem 3 to each case of % gives that p preserves 
absolute values on all summands of !?I except for possibly the 1 X 1 commu- 
tative matrix ring. But then q preserves absolute values of ?I. Further, this 
implies that a disjoint C*-homomorphism on a von Neumann algebra is a 
*-homomorphism. Now suppose VI is any C*-algebra and q is a positive, 
ultraweakly disjoint linear map. As in the proof of Lemma 1, there exists a 
C*-homomorphism + : 9-I + B** such that q(a) = q(Z)+(u) for all a E 9. 
Then + has an ultraweakly continuous extension [S, Lemma 3.11 
+ 
** :VI**-,iJi, (8) 
which is also a C*-homomorphism, where 3 is the closure of the C*-algebra 
generated by @(VI). We now claim that +** is disjoint. Indeed, if a, 
b E rU** satisfy ab = 0, th en since 9I is strongly dense in ?I**, there exists 
nets (a,> and (bs) in VI such that a, 4 a ultraweakly and b, + b ultra- 
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weakly. Then a,bs + 0 ultraweakly. Thus we have 
+**(u) $**(b) = +**(u.w.lim,u,) +**(u.w.limpb,) 
= u.w.lim,u.w.lima+**(a,)~**(bp) 
= u.w.lim,u.w.limp $( a,) +(bP) 
= 0 (because I/J is also ultra-weakly disjoint), 
which implies that JI * * is disjoint. By the above, JI** is a * -homomorphism 
and so is its restriction I+?. Therefore q preserves absolute values. n 
COROLLARY 6. For a linear map q : 3 + ‘93, the following are equiva- 
lent : 
(i) Q preserves absolute values. 
(ii) Q is positive and ultraweakly disjoint. 
(iii) Q is 2-positive and disjoint. 
Proof. The implication (i> * (iii) follows from [l, Theorem 21. The 
implication (iii) * (ii) is evident and the implication (ii) q (i) is Theorem 5. 
n 
Now we examine the influence of a ultraweakly disjoint linear map 
preserving spectra. 
THEOREM 7. Zf Q : ‘% --) f8 is a positive, ultraweakly disjoint linear map 
and preserves spectra, then Q is an isornety. 
Proof. Note that if r(e) denotes the spectral radius then r(a) = r(Q(a)), 
and hence 
bll = 11 Q( 0) 11 if a is hermitian. (9) 
Thus, in particular, ll~(Z)ll = 1. If we write Q = Q( I)# as in Lemma 1, then 
for any a E VI, 
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because JI is *-homomorphism by Theorem 5. For the reverse inequality, 
observe that 
Ilull = llu*ull = II ‘p( a*u) II = II ‘p( I) ‘p( a)*cp( a) II 
G II 44*&4 II = II da) II”. q 
We also introduce another stronger version of disjointness for a linear 
map: a linear map q : % + 23 will be said to be strongly disjoint if 
ub E ker q implies p(u) q( b) = 0 in ‘3. 
Evidently, Theorem 5 and (1) give that if +J : ?I + 23 is a positive linear map 
then 
rp is ultraweakly disjoint 3 p is strongly disjoint 
* q is disjoint. (12) 
Preserving specta “strengthens” disjointness. 
THEOREM 8. Zf q : % -+ 
then 9 is strongly dqoint. 
Proof. If cp(u) = 0 then 
o(z + u) = a(cp(z + u)) 
‘23 is disjoint, is linear, and preserves spectra, 
= “(VP(“)) = dz) foreach z E 3, 
(13) 
where o denotes the ordinary spectrum. Thus an argument of Harris and 
Kadison [2, Corollary 2.41 gives that a = 0. This says that 9 is injective. Thus 
it follows at once that p is strongly disjoint. n 
EXAMPLE 9. A strongly disjoint linear map cp : ‘i?l + ‘23 need not be a 
homomorphism (even though ?I is commutative). For example, let h, : ‘3 + 
‘i?l be a homomorphism, let h, : i% + 2l be a derivation, and define Jli : ‘3 
+ M,( iX> (i = 1,2> by setting 
and r&(u) = (8 hzFu)) foreach a E %. 
318 L. B. BEASLEY, A.-H, KIM, AND W. Y. LEE 
Then & is a homomorphism and +i& = $s $I = 0. Now define q : % 4 
kf,(l?l> by setting 
foreach a E ?I. (15) 
Then cp is strongly disjoint, because if ab E ker q, and hence I&(&) = 0, 
then 
But cp is not a homomorphism unless h, = 0. 
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